POSITIVE DEHN TWIST EXPRESSION FOR A Z3 ACTION ON 



HISAAKI ENDO AND YUSUF Z. GURTAS 



Abstract. A positive Dehn twist product for a Z3 action on tiic 2-dimcnsional 
closed, compact, oriented surface Sg is presented. The homeomorphism invari- 
ants of the resulting symplectic 4-manifolds are computed. 



Introduction 

This article attempts to answer a question raised by Feng Luo in [5] which asks 
for a Dehn twist expression for the generator of a Z3 action with g + 2 fixed points 
on the 2-dimensional closed, compact, oriented surface Sg. By the work of Nielsen, 
there is only one such action on Sg, [^. 

In Section [2] we build a closed genus g surface T,g using g copies of tori with 
boundary as building blocks in order to realize that action on Eg. We simply take 
an order three element from the mapping class group A^i of torus and juxtapose 
its Dehn twist expression in A^g, considering torus with boundary as a subsurface 
of Eg and taking the orientation into consideration in the gluing process. We start 
with a torus with one boundary component oriented positively. Then glue a torus 
with two boundary components oriented negatively to it. Then keep adding more 
tori with boundary with alternating orientations and finally cap it off with a torus 
with one boundary component oppositely oriented as the previous copy. Wc aim 
at a Dehn twist product for the generator of the Z3 action on Eg that uses only 
positive exponents in order to make sure that the 4-manifold it defines as Lefschetz 
fibration carries symplectic structure. This becomes a challenge because the neg- 
atively oriented bounded tori introduce into the expression many elements with 
negative exponents and there are still some negative powers to be eliminated from 
the expression for genus g > 6. Therefore this work is still in progress. 

In Section [3] we show explicitly how to obtain a positive Dehn twist product for 
the generator of the Z3 action on Eg, 5 < 6. What seems to be working for low 
genus doesn't generalize to higher genus easily and the construction evolves rather 
ad hoc, at least partially. 

In Section[3]we compute the Euler characteristic and signatures of the 4-manifolds 
given by the words that are obtained in Section [3l The method introduced by the 
first author and S.Nagami is used for signature computations, [1]. 
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1. Review of Relations in Mi,M\ and Ml 

The mapping class group Mi of torus is generated by Dehn twists about the 
cycles a and (3, Figure [TJ subject to the relations 

af3a = f3af3 
(1.1) {af3f = 1. 

Here, by abuse of notation, we use a and /? to mean Dehn twists about them for 
simplicity. The first relation is called braid relation and it exists between every pair 
of curves that intersect transversely. 

Torus with one, two, and three boundary components are subject to the relations 



(1.2) (a/3)^ = S and {/3af3j)'^ = {a/3'y)^ = 6162, and (Q;ia2Q:3/3)'^ = 618263 

respectively. The last one is also called star relation, [3]. 
The basic idea that is used in this paper is to glue several copies of torus with 




Figure 1. 

two boundary components together and cap the resulting bounded surface off with 
two copies of torus with one boundary component, one on each end, to get a closed 
surface of genus g. We take the word 

(1.3) (a/3)' 
on the two end copies and the word 

(1.4) (3a(3j 

on each of the remaining copies in between and juxtapose them with alternating 
signs to come up with an order three element in the mapping class group of the 
resulting closed genus g surface. 



2. Construction of the order three element on Sg 

In this section we will construct an order three element in the mapping class 
group of closed genus g surface using the words (jl.3p and (jl.4p according to their 
position in the gluing process. First case is when genus g is even. 
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2.1. Genus g-even. We juxtapose the words of type (|1.3p and (II. 4p on each of 
the bounded surfaces above by paying careful attention to the orientation: 

(C1C2)^ 
(c4eiC4/l) ^ 

C6e2Cef2 

(2.1) ; 

(c2g-4eg-3C2g-4/g-3) ^ 
C2<,-2eg-2C2g-2/g-2 
(c2g+lC2g)"^ 

Every other surface will be negatively oriented so that we can glue the boundaries 
together. Using the chain relation 

{c2i+2eiC2i+2.fif = didi 

on torus with two boundary components and 

(c2ff+lC2ff)^ ^ dg-l 

on torus with one boundary component, the expressions containing negative expo- 
nents in (|2.ip can be written as 

(c4eiC4/i)~"^ = d^^ {cieiCififd2 

(2.2) (cscscs/a)"^ = ^3^^ {caescshfd^ ^ 



iC2g-ieg-3C2g-4fg-3) ^ = ^3^3 {c2g-4eg-3C2g-4fg-3f rfg-3 

and the last one as 

(2-3) (c2g+lC2g)"^ = d-\ ic2g+lC2g)^ . 
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®2 ^2g+3 




%-2 ^3g-1 



'2g+1 




Figure 3. 



We glue the bounded surfaces together and use the lantern relations 

S1X1C3 = CiCiCi/i 

S2X2C5 = 61/162/2 



Sg-2Xg-2C2g-3 - eg_3/g_3eg_2/g_2 
^g-lXg-lC2g~l = eg-2/g-2C2g+lC2g+l 



(2.4) 



to eliminate the negative exponents of di and di in (|2.2|) and (|2.3|) using the fact 
that di ~ di^i ~ Si after gluing. Solving (|2.4p for we get 



(2.5) 



_i j,_i _i „_i 

a;2C5ei /i £3 /2 



%-2C2g-3e„i3/„ ^^2/9-2 



'S-3Jg-3''g-2Jg- 
Xg-lC2g-lP'g-2f g-2^2g+l^2g+l 



Therefore equations (|2.2p and l|2.3p become 



(046104/1) = 2:^163^ ^61 ^6^ Vi (646164/1)^ 2:2656^ Vi "^63 V; 



(236368/3) ^ = a;3C7e2 V2 ^^3 V3 ^ (686368/3)^ ^46963 V3 ^^4 V4 ^ 



(2.6) 



(c2g-4eg-3C2g-4/g-3) ^ - 2;g-3C2g-5egi4/g_^46gi3/gi3 (029-469-3629-4/5-3)^ 2:9-2629-369-3/9-369^2/9-2 

and 

(2.7) (629+l62g)"^ = 2;g-ie29-ieg:^2/g"-262gVl62gVl (C2g+l629)^ , 

and (|2.ip becomes 

(6162)^ 

2:16361 C-^ /l (646164/1) X2C561 /i 62 /2 

666266/2 
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X4Cge^ /a 64 

Cloe4Cio/4 

(2.8) ; 

C2g-6eg-4C2g-6/g-4 

C2g-2eg-2C2g-2fg-2 
Xg_iC2g-ieg_2/g'-2%+l%+l {c2g+lC2g) ■ 

Juxtaposing these words, we obtain 

X3C7e2^f2^eJ^f^^ (csescs/s)^ Xi,co,el^ el^ ciqc^ciqU 
XbCiie^^fi^e^^f^^ (01265012/5) xeCise'^^fr^^eQ^ffT'^ciieeCiife 

(2.9) ; 

C2g-6eg-4:C2g-6fg-iXg-3C2g-5eg\fg\eg]:^fg}jC2g^ieg^3C2g-ifg-3C2g-4:eg-3C2g-4:fg-3 
Xg-2C2g-3e'g^3fgl3e^-2lg-2'^2g-2eg-2C2g-2lg-2Xg-lC2g-ie^\lgl2'^^^ {c2g+lC2g)^ 

Next, we will eliminate the negative exponents using braid and commutativity 
relations only. Let's expand the parenthesis in the top three lines in (j2.9p : 

ci C2CiC2 XiC3C^ ^c^^e^^ /i~ C4eiC4./i C4eiC4./i X2 C5 e^f \/f ^ ^ /2~^ 666205 /2 

2^3 676^ V2" ^ ^ /a" ^ 636368 /seseaes /3X46963 ^ ^ 64 ^ /4~^ 610 64610 /4 
a;56i 1 64 V4" ^ 65^ ^ /s" ^ 61265612 /5 61265612 /5 613 65" V5" ^ eeT ^ fa^ cueecu fe 

and use braid relation for the underlined triples: 

(2.10) 

ei6iC26ia::iC3Ci~^C];^ei~V]~^eiC4ei/ieiC4 ei/i X265 e];Vi £2^ V2" ^£2 65 £2/2 

X3C7 e2^f2 ^63^V3~^e36863/36368 e3/3 X469e£\/3 ^64" V4" ^£461064^ 

2^5611 64 V4 ^65~V5'^65Ci265/5e5ei2 65/5 a::gci3e^^\^ ^ e£~^ f^^eocuenh- 
Next, cancel the underlined pairs above using commutativity: 
6161 62X16365" Vr^64ei/iei64a;265/2"^C6a:;367/3"^C8e3/3e3C8a:;4 69 /4~^6ioX5Cii/5"Vi2e5/5e56i2a::66i3/g"Vi4e6/6 

Now, using commutativity and the fact that ^/(q) = ftaf~^, for any simple 
closed curve a in Eg and any diffeomorphism / : Eg ^ Eg, where ta and ^/(q) are 
Dehn twists about the curves a and / (a) respectively, we can write 
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C1C1C2C1 ^xica/^ ^CifieieiC4,X2C5f2 ^CQXsCjf^ ^08/3636303X409/4 ^610X5611/5 ^612/56565612X6613/2 ^614 
as 

(2.11) 

eida;i63riei6i64X265/2 ^65X3 errs 63 63 63X4 69/4 ^6ioX56iir5e5e56i2X66i3/g ^614X7615, 
where d = ciC2C^^ and r,; = f~^C2i+2fi, i = 1,3, 5. 

The last portion of the word in (|2.9p will be simplified using the same procedure: 

623-663-4623-6 /9-4X3-3623^563:^4/31^46^^3/^^3 623-463-3023-4 /3-3 623-463-3623-4 /3-3 

Xg-2023-3e~:^3/gl!36^i2/gl-^2 '^23-2e3-2023-2 /3-2Xg-l02g-l6g:^2/3l-^2C^^^^ (623+1623)^ 

i 

63-4623-6 63-4/3-4 X3-3623-5 e~.!4/g-4 6g-3 ~ \/~_^3 6g_3 C2g-4e3-3/3-3e3-3623-4 6g-3 /3-3 

Xg-2e2g-3 6gl!3/g-3 6g^2 ~ ^31^2 eg~2 62g-2 63-2 /g-2 Xg- 1 62g- 1 6^'^^ /3-2 6^ 3,^;^ C2ge2g+ie2g (62g+l62g)^ 

I 

623-6X3-3623-5/3~-V23-4 6g-3/3-3 6g-3623-4X3-2623-3/q'-2 

-1 ^ \2 

623-2Xg-l02g-l 02g+ie23+l 62362g+l (,62g+l62gj 

i 

e2g_6Xg_362g-5/gl_V2s-4/3-36g-36g-3e23-4X3_2623-3/gl!2 
623-2X3-1 623-1O23623+1 (62g+l62g)^ 
i 

(2.12) 

623-6X3-3e23_5rg_3eg_3eg_362g-4Xg_262g-3/g_2'^23-2X3_l623- 1623623+1 623+1623623+1 623, 

where rg_3 ^ fg^3C2g-4fg-3- 
Combining (P?TT|) and (P?T^ we obtain 

ei(ixi63riei6ie4X265/2"^66X3e7r3e363e8X4C9/4"^6ioX5eiir5e565Ci2X6ei3/g~^6i4X7ei5 

(2.13) ; 

r-l 

623-6X3-3623-57- 3-3eg_3eg_362g-4Xg_2e2g_3/g_2023-2X3-l 623- 1623623+1 623+1623623+1 623 

It seems to be a little challenging to remove the remaining negative exponents 
from this last expression at this point. 

In a more compact form the word can be written as: 

6lC?Xie3riei6i64X265/2"^W6W^8 • • • 1^3623-2X3-1623-1623623+1623+1623623+1623, 

where Wi = C2i-6Xi-3C2i-5n_3et-3et-3C2i-4Xi-2C2i-3f.il\,i 6, 8, ... ,5. 
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(2.14) 



Now, (|2?2l) becomes 



2.2. Genus g-odd. Most of the argument will be similar to the even case; we just 
need to make some changes on the indices. 

The following are the words from each component listed with alternating signs 

(C1C2)^ 
(046104/1)^^ 
C6e2C6/2 

{c2g-2eg-2C2g-2fg-2) 

{c2g+lC2g f ■ 

(c4eiC4/l)"^ = d^^ (046104/1)^^2 ^ 

(2.15) (csescs/a)"^ = ^3"^ (086368/3)^^3 ^ 

(629-263-2623-2/9-2) ^ = ^3^2 (629-269-2629-2/9-2)^^9-2- 

(|2.4|) and (|2.5p are still the same. Therefore (|2.6p becomes 

(646164/1)"^ = xie36];^C];^e];Vr^ (646164/1)^ 2:26565' Vr^e^V2~^ 
(686368/3)" =. 130762" /a" 63" /3' (686368/3) 2:46963 /3 64 /4 

(2.16) : 

(629-269-2629-2/9-2)"^ = 2;g-262g-3egi3/gl^36gi2/9"-2 (629-2e9-2e29-2/9-2)^2;g-i029-l6gi2/9"-2C29VlC29Vl 

using lantern relations in (|2.15p to replace and c?j . 
Then ((2^ becomes 

(0162)^ 

-1 -1 -1 r-l I r \2 -1 J.-1 -1 j,-l 

2:16361 61 61 /i (646164/1) a;2656i /i 62 /2 
666266/2 

a;367e2' f2 63" ./3~ (686363/3) 2:46963 /3 64 /4 
61064610/4 

(2.17) ; 

629-469-3629-4/9-3 

a;9-2629-3egi3/glVg-2/9"-2 (629-269-2629-2/9-2)^ 2:g-i629-l6-_^2./< 

(629+1629)^ 

and juxtaposing them results in 

(6162)^ XiCsC^^C^^e^^ (646164/1)^ 2:2656j"Vr^e^ V2~^C66266/2 

2^3676^ V2"^ Vs"^ (686368/3)^ 2:46963 V3"^e4V4"^Cio646io/4 
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a;5Ciie4 V4 "^^5 V5 ^ (csescs/a)^ aJeciaCg V5 Ve "^cueeCM/e 

(2.18) : 

C2g-4eg-3C25-4/g-32^g-2C2g-3eg^3/g~-Vg-2/g~-2C2g-2eg-2C25-2/g-2 
C2g-2eg-2C2g~2fg-2Xg-lC2g-ieg]:2fg}2C2g+l<^2g+l(^2g+lC2gC2g+lC2g 

Eliminating the negative exponents using braid and conimutativity relations in the 
first half of ((2l8l) resuhs in 

cidxiC3rieieiCiX2C5f2^ceX3C7r3e3e3CsXiCgf^^cioX5Ciir5e5e5Ci2XeCi3fQ^ci4X7Ci5, 
(2.19) 

where d — c\C2C^^ and = fi^^C2i+2fi,i — 1,3,5, just like in the even case ( See 
(I2a - and (jrini ). 

The last part is also simplified using braid relation first 

C2g-4eg-3C2g-4 /g - 3a;g-2C2g-3eg_!3 /g"- 3 ^g - 2 /g"- 2 C2g-2eg-2C2g-2 /g - 2 

C2g-2eg-2C2g-2 /g _2Xg_iC2g_ieg_^2 /g~- 2 C^gV 1 C^gV 1 C2g+ 1 C2gC2g+lC2g 

i 

eg_3C2g-4eg-3/g-3a;g-2C2g-3eg;!3./g"i3egi2/gl^2eg-2C2g-2eg-2./g-2 
eg-2C2g-2eg_2/g-2a;g-^lC2g-ie~i2/g"-2C2g+lC2g+lC2g+lC2g+lC2gC2g+l 

and conimutativity relation along with cancelation next 

eg-3C2g-4 eg-3/g-3 a;g-2C2g-3 egi3/g'i3 egi2 /g''-2 eg-2 C2g-2eg-2/g-2 

eg-2C2g-2 eg-2/g-2 %-lC2g-i e~i2/g''-2 '^2g+ 1 ^^gV 1 C2g+ 1 C2g+ 1 C2g C2g+ 1 

i 

eg-3C2g-4a;g-2C2g-3/g_^2'^2g-2eg-2/g-2eg-2C2g-2a;g-lC2g-lC2gC2g+l 

Finally, defining rg^2 = /gl-\c2g_2./g-2 and using commutativity one more time we 
obtain: 

eg-3C2g-4a;g-2C2g-3/g-2'^2g-2eg-2/g-2eg-2C2g-2a;g-lC2g-lC2gC2g+l 

i 

eg-3C2g-4a:^g-2C2g-3?'g-2/g-2eg-2C2g-2a;g-lC2g-lC2gC2g+l 

Putting the two ends together, the word now has the form 

CidxiC3rieieiC4X2C5f2^C6X3C7r3e3e3C8XiC9f^^CioX5Ciir5e5e5Ci2XeCi3fQ^Ci4X7Ci5, 

(2.20) : 

C2g-42;g-2C2g-3^g-2/g-2eg-2C2g-22;g-lC2g-lC2gC2g+l 

In a more compact form we have 

cidxiC3rieieiCiX2C^f2^WQWs ■ ■ ■ Wg-iWg, 

where Wi = C2i-6Xi^3C2i^5n-3ei-3ei-3C2i~4Xi^2C2i-3fr-2 
Wg = C2g^6Xg-3C2g~5rg-3eg-3eg-3C2g-AXg-2C2g-3rg-2fg~2eg-2C2g~2Xg-lC2g-lC2gC2g+l. 

The next section deals with lower genus. 
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3. Low GENUS 

For genus 2 and 3 there isn't much difficuhy with chminating the terms with neg- 
ative exponents. For genus 4, 5, and 6 however, we use additional lantern relations 
to eliminate them. 

3.1. genus 2. We glue two tori with one one boundary component together and 
juxtapose the words [c\c-if' and (C5C4) ^ on the resulting closed surface. 




Next, we use the first relation in (|1.2p to replace (C5C4) ^ by (5 ^ (C5C4) . 
Now using the lantern relation 

bxcz = C1C5 
we substitute = xcacj^^Cg"^ and obtain 

Expanding the expression and using commutativity gives 

5 




c\C2C\Cic^ xcsCg C5C4C5C4C5C4C5C4 = C1 C2C1C2 C1 xcaCg C4C5C4 C5C4C5C4. 

Using braid relation on the underlined terms and doing the obvious cancelations 
afterward we arrive at 

CiCiC2CiC^^XC3C^^C5C4C5C5C4C5C4 = C\C\C2C{^ XC-iC/^C-^C^C^C'^C^. 

Even though c\C2c{^ represents a positive twist, we can do away with this conju- 
gation with little effort: Just bring the left most c\ in the third power of the word 
to the right end and see the cancelations that occur between the underlined terms 
as you go from right to left. 

{c\CiC-2.C{^XC-j,C^C^C'-jC^C^C^^ 
= C2_ClC2Ci^XC3C4C5C5C4C5C4ClClC2Ci^XC3C4C5C5C4C5C4ClClC2Ci^XC3C4C5C5C4C5C4 
= CiC2Cj~^XC3C4C5C5C4C5C4CiCiC2Cj~^XC3C4C5C5C4C5C4CiCiC2Cj~^a;C3C4C5C5C4C5C4Ci 
= C1C2XC3C4C5C5C4C5C4 C1C2XC3C4C5C5C4C5C4 C1C2XC3C4C5C5C4C5C4 
(3.1)= (ciC2XC3C4C5C5C4C5C4f = 1 
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3.1.1. An Alternate Expression. We can obtain an alternate expression out of ()3.1|) 
by inserting into it lantern relations as follows: 

^3 

C1C2XC3C4C5C5C4C5C4 ) 

— 2 2 2 

CiC2XC3C4cJ'^ kihiCic^c^c^j'^ 

„2 „2 , 



(3.2) 



02X030403 fcl/llOj^OgOg O4O5O4 

02X03040^ r.i,<,i<-3u^'-5 



^fci/ii03(5xog ^040504)'^ 



where <2 = C3O4O3 ^ and .S2 
relation 



02x030403 ^kihiSxc^ ^050405)'^ 
02a; (230403^) kihiSx (05^^2405))^ 

C2Xt2kihi5xS2)^ = 1 

= 07^0405. The cycles that arc used in the first lantern 



oifci/ii ^ clc\ 



used in (|3.2p are shown in Figure ID 
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i.e. 

C1C2C1C2 xiC3C^^c^^ei^fi^CieiC4fiC4^eiC4^fiX2C5e^^ fi^ c^^c^^ cjceCTCe- 
After this initial cancelation we use braid relation on the underlined terms 

C1C2C1C2 XiC3C^^C^^e^^f^^ C4eiC4 fl C4eiC4 X2C5e^^CY^ C6C7C6 , 

and get 

Cancelation of the underlined terms gives 

(3.3) C1C1C2 XiC3Cj"Vr"^C4ei/i6iC4X2C5e6C7. 

Now, rearranging the terms using commutativity and letting r = fi^Cifi we obtain 

CiCiC2C5~^TiC3r6i6iC4a;2C5C6C7. 

Using the same kind of rotation as in (j3.ip will allow us to eliminate the conjugation 
ciC2cj' and we will get 

(3.4) (eiC2.TiC3re8C8C4a:2C5C6C7)^ = 1 

in the end. using the identification 61 = cg as shown in Figure [31 

3.2.1. An Alternate Expression. An alternate expression is obtained when f^^ is 
eliminated from p.3p using the lantern relation 

fltv = C1C3C5C7. 

Substituting f^^ = tvc^^c^^c^^c^^ into (j3.3|) we get 




Figure 5. 

eiCiC2a;iC3oj~"'^toej~^C;^"'^c^^C7 ^e4ei/ieiC4a;2C506C7. 

We can cancel the underlined terms and rewrite the rest of the word as 

ci oi 626^ ^c^'^xiiuoj;"^ 6461 /i6iC4a;2e5 67 ^6667 

using commutativity. Now, because C5 {X2) = X2 ( i.e., Dehn twist about 65 maps 
X2 to X2 ) we have 

C5X2C^^ = X2, i.e., 65X2 = 2:265. 

Substituting 652:2 in place of ^265 and inserting a 656^^ using commutativity results 
in 

C1C1C2C1 ej~ xitvc'^ 646561/1616^ 6465X267 6667. 
Now, all we have to do is rename the conjugations. If we let 
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Figure 6. 

yi = ciCiC2Ci^c^^, S2 = c^^C4C5, and = c^^cqCj 
then the final form of the word becomes 

(3.5) {yiXltvS2CsflCsS2X2r3f = 1, 

using the identification ei = cg in Figure [3l 

3.2.2. Another Alternate Expression. One other expression is obtained using the 
relation 

{C1C2C3)* = ei/i 

in order to substitute (010203)'^ in place of cs/i = ei/i. The alternate expression is 

(3.6) (yiXltvS2{ciC2C3f CsS2X2r3^ =1, 

3.3. genus 4. Using (|2.8p with g = 4 we have 

{ciC2f 

-1 -1 -1 J--1 r \2 -1 J--1 -1^-1 

C6e2C6/2 
_1 „_i _i _i / ^4 
X3C7e2 72 Cg Cg (CgCs) , 

which will be the same as the top line in (|2.10p for the most part after juxtaposing: 

ciCiC2CixiC3Ci~^Ci^ei~^ fi^eiC4eifieiC4: eifi X2C5 e]^^fi ^ €2^^ f 2^ e2Csi e2 12 x307 e^^^Cg ^Cg^ (cgCs) 
Cancelation of the underlined terms gives 

CiCiC2XiC3Ci^ fl^CieifieiCiX2C^f2^CQX3C7 Cg ^CsCgCsCgCsCgCs. 

Rearranging some commuting terms along with braid relation 011 the underlined 
triple we get 

CiCiC2Cj"^a;iC3/f ^C4/ieieiC4a;2C5/2~^C6X3C7 C^^C9 C8CgC9C8C9C8, 

and by setting d = ciC2Cj~^,7'i = fi^c^fi and canceling the underlined pair we 
arrive at 

(3.7) CidxiC3rieieiC4a;2C5/2"^C6X3C7C8C9CgC8CgC8. 

We will have to use another lantern relation to eliminate and that will be 

f2tv = /lC5C7Cg 

as shown in Figure [71 We solve it for f.2 ^ 

f-' = tvf-'c~'c^'c~' 
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Figure 7. 

and substituting that in (|3.7p using comniutativity gives : 

Ci 1 C3 ri e 1 e 1 C4 /j" ^ X2 £5 toCs " ^ Cf ^ Cg X3 C7C9 ^ C8 Cg CgCsCg Cs . 

Because c-j (xa) ~ xj, ( i.e., Dehn twist about cy maps 2:3 to 2:3 ) we have 

(3.8) c-jx-iC^^^ = x-i, i.e., C7X3 = X3C7. 

Substituting that in and using braid relation and cancelation on the underlined 
parts we get 

ci(ia;iC3rieieiC4/f ^X2tocf ^C6C7X3Cg ^CsCgCsCgCsCs. 
Renaming c^^c^ci = S3 and using braid relation on the underlined part again gives 

(3.9) ci da; 1 c^rje^eic^j^ ^X2tv 53^3 ^9 ^cg Cs cg cg cs cs . 
The following is how we eliminate fi^ from the underlined portion: 

rieieiC4/f ^ = /f ^C4/ieieiC4/f ^ = 
/f ^C4eiei /iC4/f^ = 
/f ^04616104 V1C4 = 
fi^c^ei c^^ fif'^Cj eiC^^ fiC4 

(3.10) /r^C4eiC4 Vi/r^C4eiC4 V1C4 = 2/22/2C4, 
where 2/2 = /r^ 0461 €4^/1. Now p.9[) becomes 

Ci(ia;iC3j/2y2C4X2toS3X3C8CgCgC8C8. 

Using the same rotation operation as in (|3.ip allows us to eliminate the conjugation 
d = C1C2C1 and we get 

(3.11) (ciC2a;iC3j/2y2C4a;2toS3X3C8CgCgC8C8)^ = 1. 

3.3.1. An Alternate Expression. An alternate expression is obtained when f^^ is 
eliminated from p.9p using the lantern relation 

/lil,4Wl,4 = C1C3VC9. 

Substituting f^^ = ti^^vi^^c^^c^^v^^Cg^ into (|3.9p yields 

(3.12) Ci(ixiC3rieieiC4ti,4Wi4Cj^^C3"^i;^^Cg ^X2twS3X3C8CgCgC8C8. 

Using commutativity and inserting identity where necessary we can rewrite the last 
expression as 

(3.13) ClClC2Ci^Ci^XlC3riC^^eieiC3C4C^^ti^4Vl^4:V~^X2VV^^tvS3X3CQ^CsC9CgCsCs, 
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Figure 8. 



remembering d = CiC2C^ ^ ■ Now, all we have to do is rename the conjugations: 

yi = CiCiC2Ci^Ci^ ,ui = c:}ric^^,S2 = C3CiC^^,w = v^^X2V,z = v^^tv and — Cg^cgCg. 



Then p.l3[) becomes yiXiUieieiS2ti^4Vi^iWZS3X3r4CgCsCs- Therefore the final form 
of the alternate word for genus 4 is 



(3.14) 



{yiXiUieieiS2tl,4Vl,4'WZS3X3riCgCsCs) = 1. 



3.3.2. An alternate Construction. An alternate gluing operation for genus 4 can be 
performed as shown in Figure [HI 




Figure 9. 
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We use the words 

biQibiai 

62a2'>202 

(3.15) 63036303 

{aia2a3d) ^ 

on the four bounded surfaces taking the one in the center with the opposite orien- 
tation. Using the star relation ()1.2p 



{aia2a3d)^ = S1S2S3, 

we write 

(aia2a3<i)^^ = S^^S2^S^^ (aia2a3<i)^ 
and using the lantern relations 

SiXiCi ~ a\a\a\a2 
52X2C2 = a202a2a3 

and the fact that Si =61,62 =62,63 = 63 we write 




Figure 10. 

61^ = xiciai^ai^ai^a2^ 

r-i -1 -1 -1 -1 

"2 ~ a;2C202 Oj a2 Qfg 

Substituting all these in p.lSp and juxtaposing we obtain 

biaibiajb2a2b2a^b3a3b3a^xiCia^^ (aiQ;2Q;3d) 

We can cancel the underlined terms right away using commutativity and rearrange 
rest of the word as 

biUibiGi^ b2a2b2a2^b3a3b3a'^^ xiCiX2C2X3C3ai^ a2^ 0:2^ ct^^ 013^ c^i^ cti ct2 a3daia2a3d 



16 HISAAKI ENDO AND YUSUF Z. GURTAS 

using comniutativity again. Now, using braid relation and cancelation on the un- 
derlined portion, the word reduces to 

Further cancelation and renaming r ~ {aia20t-i) ^ daia2a^ gives the positive rela- 
tor 

(3.16) {aibia2b2a^b'iXiCiX2C2X-iC3rd)^ = 1 

3.3.3. Another alternate expression. We can modify ()3.16p in order to insert the 
lantern relation 

a2tv = aiCia2C2 
into it and obtain a new expression. 




Figure 11. 

{aibia^^ a2b2a2^ a:>,b^xiX2aia2CiC2X^c^rd)^ 
(3.17) = {gig2a':>,bzXiX2a2tvX'iCzrdf' = 1, 

where gi ~ aibia^^ and g2 = a2b2a2^ . 
3.4. genus 5. Using (|2.17p with g = 5 we have 

(C1C2)^ 

xiczc-^ (c4eiC4/i) X2C^e^ J2 

C6e2C6/2 

-1 r-l -1 / n \2 -1 J.-1 -1 -1 

a;3C7e2 /2 63 /3 (cseacs/a) a;4C9e3 /3 

CllCioCiiCio 

The top two lines in (|2.18p up to cio becomes 

cidxiC3rieieiC4X2C5f2^ceX3C7r3e3e3CsX4CgCiiC^i 

in (|2.19[) . and this followed by 

CllCioCiiCio = CiiCiiCioCii 

gives 

cidxiC3rieieiC4X2C5f2'^ceX3Crr3e3e3C8X4C9CiiCiiCiiCiiCioCii 



(3.18) 
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cidxiC3rieieiC4X2C5f2^ceX3C7r3e3e3CsX4C9CioCii 
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Figure 12. 

We will use the same additional lantern relation as in genus 4 to eliminate f2^. 
Substitute 

in ()3.18p using commutativity 

cidxiC3rieieiCif^^X2C5tvc^^Cj^ceX3C7fj^^r3e3e3CsXiCgCioCii 

and eliminate f^^,c^^, and c^^ in the exact same way as in genus 4 following 
Figure [T] Therefore we can borrow the portion of (j3.1ip up to cg and write 

(3.19) CidxiC3y2y2C4X2tvS3X3 f^^r3e3e3Cs X4,CgCioCii. 

The following is how we deal with f^^'- 

/s'^'^aesescs = /a" Vs'^cs/s esescs = 

where rs = f3^csf3,r3 ~ Cg^escs- Therefore the final form of the genus 5 word is 

(3.20) {ciC2XiC3y2y2C4X2tvS3X3r3r3r3X4CgCioCiif = 1 

after a rotation similar to (|3.ip applied. 

3.5. genus 6. Setting 5 = 6 in ()2.8p we obtain the components 

(ciC2)^ 

xiCaC;^ 61 (646164/1) 2:26561 /i 62 /2 
666266/2 

2^36762 J2 63 /3 (686363/3) 0:46963 /3 64 /4 

(3.21) 61064610/4 

a;56lie4:V4"^Cj;3l6]'3l (613612)'' 

of the word on bounded subsurfaces before juxtaposition. After juxtaposing them 
we arrive at 

61 d2;i63rieiei64a;265/2"i66a;367r3636368a;4 69/4-16102:5611612613613612613612 
as in (|2.13[) with g = 6. If we substitute 

f-l , r-l -1 -1 J--1 1 r-l , r-1 -1 -1 -1 

J2 ^2,4^^2,4/1 C5 67 /3 and /4 = t4, 6^4,6/3 Cg 611 613 
then we get 

6iC?a;ie3riei6i64X2e5t2,4l^2,4/r £5- C6X3C7r3e3e3CsX4C9t4fiV4fif^ eg" 6j"i 6j"3 610X5611612613613612613612. 
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fl f2 ^2,4 % f4 t4,6 

Figure 13. 

We do the obvious cancelations and use (|3.8p again to write 

X3CY = C7X3 and likewise x^cu = cnxs. 
Using conimutativity as well yields 

CidxiC3 rieieiC4/f ^ X2^2.4t'2,4C7^C6C7X3/3" V3e3e3C8/3~^ X4^4.6t'4,6Cn^eioCiiX5Cj"3^Ci2Ci3Ci3Ci2Ci3Ci2. 

Following the same argument given in (|3.10p for the underlined portions and re- 
naming cf^cgcy = S3,c];^cioCii = S5 and c^^CuCis = sg we get 

CidxiC3y2 2/2242:2*2, 4l'2,4S3S3/3~^2/42/4C8a;4t4,6l'4,6S5S5S6Cl3Cl2Cl3Ci2. 




Figure 14. 

One more lantern substitution is needed to eliminate and that is 
Result from substituting that is 

01^X103^2^2242:2*2, 41^2,453^3*2, 6«2,6/r^^'^lt'Z6Cr3^2/4y4C8l4i4,6«4,6S555S6Cl3Cl2Cl3Cl2- 

The idea in ()3.8p can be used for *4^6 and V4^e to write 

*4, 6^^4,6 = W4, 6*4,6- 

Now, conjugating 1/4, cs, X4 by 114^6 and renaming them as 2/4,628,122:4,5, respectively, 
and likewise renaming W2,4S3'y^4 = 2:3,2 and ye = cj~3 S6C13 gives 

Cid2:iC3?/2y2C42:2*2,4S3:^3,2*2,6^'2,6/r^2/4,62/4,6C8, 122:4,5*4,635*52/6212213212 ■ 

The final lantern substitution is to replace fi^ and it is 

where *i^6 and wi.g are defined in the same fashion. Substituting that results in 

Ci(i2:iC3?/22/2242:2*2,4S3^3,2*2,6W2,6*l,6l'l,62r^23"^W2^gCi3^2/4,62/4,628,122:4,5*4,6S5^52/62l22l32l2. 
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After renaming two conjugations ti,2,6 = "^2, 6^1,6^2.6 a-nd wq = Ci-^ygcis following 
the braid relation C12C13C12 = C13C12C13 we will push to the right end in order 
to cancel it with the ci at the left end of the next copy. Following the same idea 
for c^^ gives ui = c^^dcs after we invoke (|3.8|) one more time in order to write 
X1C3 = 032:1. All of these changes are realized in the final form of the genus 6 word 
that follows: 
(3.22) 

(uiSl2/22/2C4X2t2,4S3S3,2i2,6il,2,6Wl,6y4,62/4,6C8,12a;4,5i4,6S5S5«'6Cl2Cl3) = 1. 

4. Applications 

In this section we will compute the homeomorphism invariants of the 4-manifolds 
defined by the words in the previous section. We will denote by Xg the manifolds 
that are given by the words (|3.ip . (|3.4p . and (j3.16p and those that are obtained 
from them by inserting k lantern relations will be denoted by Xg_k- 



Proposition 4.1. The signature and Euler characteristic of the Lefschetz fibration 
Xg, (7 = 2,3, 4, is given by cr{Xg) = —2 {g + 7) and x {^g) = '^9 + 22, respectively. 



Proof: By checking the respective equations we see that the number of cycles in 
those that define X2, A"3, and X4 is 3 {2g + 6) ; therefore their Euler characteristics 
are given by the formula 

X (Xg) = 2 (2 - 2g) + 3 (2g + 6) = 2g + 22. 

Here we used the well known fact from the theory of Lefschetz fibrations that the 
Euler characteristic of a Lefschetz fibration X"^ is given by the formula 

(4.1) x(^) - 4 - 4.g + s, 

where g is the genus of the fiber and s is the number of singular fibers, i.e., the 
number of vanishing cycles [3] . 

For signature computations that follow the reader is referred to article |T] . First 
we compute <7{X2). 

Let C2 denote a chain of length 2 in Ai2, such as (C1C2) and (C5C4) S~^. 
Following the construction of the word in 13. II we have 

= {ciC2f S~^5 (C5C4)"^ = (ciC2)*^ {c5C4y^ 

= (^(ciC2)^ (C5C4) (commutativity) 

= (jiciC2)'^ S^^ {c^Ci)^ {C5C4) (chain relation C2) 

= (^iciC2)'^ (c^Ci)'^^ (cancelation) 

= (^iciC2)^ xc^c^'^c^^ (c^Ci)'^^ (lantern relation) 

(4.2) = 

= (ci 02x03040505040504)^ (commutativity, braid relations) 
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Cancelations do not change the signature and commutativity and braid relations 
have zero signature (|Tj, Proposition 3.6); therefore we have 

a{X2) = /(C2)-/(C2) + 3/(C2) + 3/(L) 
= -7-(-7) + 3(-7) + 3(+l) 
= -18 

Next, we compute (t(X3). Let C2 denote either of the two chains (ciC2)^ 5^^ or 
(cycg)^ 82^ of length 2 and C3 denote the chain (eiC4/i)"' 81^82'^ of length 3 in M^^. 
Then construction of the word in 13.21 gives 

C/O— 1 
2 • O3 ■ 02 

= (.ciC2f Si^Si {eiCifiy'^ 82 ^2^ {crcof 

= ^(ciC2)^ (eiCifiCi)^^ (crcg)^^ (commutativity and cancelations) 

/ 2 3ll 

= ((C1C2) (eiC4/iC4) (eiC4/iC4) 6^62 (cyce) ) (chain relation C3) 

(21 21 2\ ^ 

(C1C2) (5j~ (eiC4/iC4) (^2^ (cycg) ) (commutativity and cancelations) 

= (^(ciC2)^ xiCsCi^Ci^ fi^ (6104/104)^ a;2C5e]^^/]"^C7 ^ (cTCe)^^ (2 lantern relations L) 

= {ciC2XiC3rcsCsC4X2C5CeC7)'^ = 1 (commutativity, braid relations) 

Keeping track of the relations that are used in the process we obtain 

aiXs) = I{C2)-HC3)+I{C2) + 3I{C3) + 3I{L) + 3I{L) 
= -7- (-6) + (-?) + 3 (-6) + 3 (+1) + 3 (+1) 
= -20 

Here we also used the fact that (eiC4/i)^ = (6104/104)^. 

We compute a {X4) last. Following its construction in 13.31 we obtain 

C2 ■ C2 ■ C2 ■ E ^ 

= {biaif 5^ {b2a2f 62^ {baasf {aia2a3dy^ 615263 

/ 2 2 2 

= I (&iai) (6202) (^3^3) (aia2<^3C?) I (commutativity and cancelations) 

(feifli) (&2a2) (^303) 61 62 6^ {aia2Q:3d,) (aia2a3<i) 1 (star relation E) 

( 2 2 2lll sX*^ 

(feioi) (^202) (^303) <^r '^2^ '^3^ (aia2a3d) ) (commutativity and cancelations) 

— f /■!, \2 /I, \2 /, \2 -1 -1 -1 -1 -1 -1 -1 -1 

= l(oiai) (6202) (0303) xiCiQi aj 03 X2C2a2 0.2 ^2 "^3 
2;3C3a3 ^a;3'^a;^"'^aj'^ (aiQ;2a3(i)^ ) (3 lantern relations i) 



= {aihia2h2a3h3XiCiX2C2X3C3rd) = 1 (commutativity, braid relations) 



POSITIVE DEHN TWIST EXPRESSION FOR A Z3 ACTION 



21 



From this wc obtain 

a{X^) = "il {C2) - I [E) + il {E) + il [L) + 'il {L) + il {L) 
= 3 (-7) - (-5) + 3 (-5) + 3 (+1) + 3 (+1) + 3 (+1) 
= -22 

□ 

Consider now the fibrations Xg^k given by the words (|3.2[) . (|3.5[) . and (|3.17p which 
are obtained from (|3.1|) . (|3.4p . and p.l6p by substituting k lantern relations. 

Proposition 4.2. The Euler characteristic and the signature of the manifold Xgj- 
are given by a {Xg^k) = cr [Xg) + k and x (Xg^) = x{Xg) -k,g = 2,3,4. 

Proof : The only substitutions used in ()3.2p . ()3.5p . and (|3.17p that have nonzero 
signature are lantern relations. The rest of the modifications which result from 
commutativity and braid relations do not have nonzero contributions ([T], Proposi- 
tion 3.6). Cancelations also do not effect the signature. Since the signature of each 
lantern relation is +1 half of the proof follows. The other half follows from (|4.ip 
and the fact that each time we substitute a lantern relation the length of the word 
reduces by one. □ 

Remark 1. To be more specific about k we need to point out that 1 < fc < 6 for 
genus 2 and 1 < fc < 3 for genus 3, 4. Therefore 

-18 < a(X2,fc) < -12, -20 < a(X3,fc) < -17, -22 < a (X4,fc) < -19 

Remark 2. In order to see that we have a positive relator for each k we will 
show what the word for X2^i becomes, for example. C1C2XC3C4C3 ^fc/iciC4C5C4 in the 
third line of (|3.2p can be rewritten as ciC2Xc'l^ c^cj^c^^ C/^c'^^ kc/^c'^^ hcjiCic^Ci and 
this becomes the positive relator ciC2xmnp cic^C/i, where m = C4 ^C3C4C;^^C4, n = 
c^^kc4, and p = c^^hc^. Therefore the monodromy of X2^i is 

CiC2Xmnp C1C5C4 (ciC2.TC3C4C5C5C4C5C4)^ — 1. 

This isafibration with(T(X2,i) ^cr {X2) + l = -17 and x (^2,1) = x(X2)-l = 25. 

Remark 3. An interesting thing to observe here is the effect of substituting 
a lantern relation into the monodromy of Xg on its homeomorphism invariants. 
Proposition 1321 shows that it has the same effect on Xg as that of a rational blow- 
down operation on it. Therefore it's an interesting question to investigate whether 
2 

or not Xg and Xg^k4f=kCP are diffeomorphic. See [2] for examples that answer this 
question in the negative. 

Next in our list is the word (|3.6p obtained from (|3.5p by substituting m chain 
relations of length 3 into ^3 ^, which will be denoted by ^3,fc,m, 1 < m < fc < 3. 
This notation does not reflect the length of the chain for the sake of simplicity. 
Note that chain substitution must follow a lantern substitution; therefore m < k. 

Proposition 4.3. a (X^^k.m) = —20 + fc — 6m and x (^g,fc,m) = 28 — fc + 10m for 
1 < m < fc < 3. 

Proof : The signature of X3 is —20 by Proposition (|4.ip and the signature of ^3^^ 
was found to be —20 + fc in Proposition (|4.2p . Since X3^k,m is obtained from X^^k 
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by substituting m chain relations of length 3 and C3 has signature —6 (Proposition 
3.10, [1]), we have 

(Xa^k^m) = <y iX3,k) + ml (C3) = -20 + A: + m(-6), 1 < m < fc < 3. 

Proposition (|4.ip gives x {X3) = 28 and according to Proposition (|4.2p x {^g,k) = 
28 — k. Since substitution of each C3 results in increasing overall number of cycles 
by 10, its contribution to the Euler characteristic will be 10 according to (|4.ip . 
Therefore we have x {Xg^k,m) = 28 — fc + 10m, 1 < ?7i < fc < 3. 

□ 

Remark 4. Possible values for a {X3,k,m) are —23, —24, —25, —29, —30, —35 and 
possible values for x {Xg^k,m) are 35, 36, 37, 45, 46, 55. 

Next, we will compute the signatures of the achiral Lcfschctz fibrations (|2.13p 
and (|2.20[) . denote them by Zg. Assume, first, g is even and greater than 7. Zg has 
monodromy 

CldXlC3rieieiCiX2C5f2^WeWs ■ ■ ■ WgC2g-2Xg-lC2g-lC2gC2g+lC2g+lC2gC2g + lC2g, 

where Wi = C2i-6Xi-3C2i-5n-3ei-3et-3C2i-4:Xi-2C2i-3fr-2^'^ = 6, 8, . . . ,g. 

From its construction in 12.11 we can see that this word originally contains two 
chains of length 2, one on each end, and .g — 2 chains of length 3 half of which are 
negatively oriented. Then we substituted 3{g — 2)/2 additional chains of length 
3 in order to replace the negatively oriented ones by positive exponents. We also 
substituted 3 chains of length 2 for the same reason. These substitutions resulted 
in 3(g — 1) separating negatively oriented boundary curves. Finally we introduced 
3(17 — 1) lantern relations to eliminate them. The rest of the operations until we 
obtained (|2.13p are cancelations, commutativity and braid relations, which have 
zero contribution to the signature. Combining all of that we can compute the 
signature of Zg as 

a (Zg) = I {C2)-^I {C3)+^I {C3)-I {C2) + ^^^^I {C3)+3I {C2)+'i (g - 1) / (L) 

= + ^^^^(-6) + 3(-7) + 3(.g - 1)(+1) = -6g - 6 

Suppose now that g is odd and greater than 6. This time Zg is given by the 
monodromy 

CidXiC3riC2g+2C2g+2C4X2C5f2^W6W8 ' ' ' Wg^iWg, 
where = C2i-eXi-3C2i-5n-3C2g+i-2C2g+i-2C2i-4Xi-2C2i-3fr-2^'^ = 6, 8, . . . , - 1 

and 

Wg = C2g-6Xg-3C2g-5rg-3C3g-2C3g-2C2g-4Xg-2C2g-3rg-2fg-2C3g-lC2g-2Xg-lC2g-lC2gC2g+l. 

Using a similar argument we calculate the signature of Zg as 

a (Zg) = I {C3) + ^I {C3)+I iC2)+^^^I {C3)+3 {g-l)I (L) 

= -7 - ^ (-6) + ^ (-6) + (-7) + (-6) + 3 (g - 1) (+1) = -6g - 2 

Note that a (Zg) = a (Xg) for g = 2,3. This is because the simplified form of the 
general construction leads to a positive relator. The existence of negative powers 
in the expression for higher genus, however, requires further substitution of lantern 
relations. We'll denote by Yg a genus g Lefschetz fibration that is obtained from 
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either of the achiral Lefschetz fibrations (j2.13|l or (|2.20p by substituting into them 
a number of lantern relations until a positive relator is obtained. In that regard 
the fibration given by (|3.1ip that is obtained from (|3.7p via 3 lantern substitutions 
will be denoted by Y4. If fc additional lantern substitutions are made into these 
positive words then the resulting manifold will be denoted by Yg^k- For example 
the positive relator (|3.14p is denoted by ^4^3 because it is obtained via 3 lantern 
substitutions into ()3.11|) . which is equivalent to (|3.9p . We will now compute the 
signatures of Yg, Yg^k- 

Proposition 4.4. a {Y4) = -27, a (Yi.k) = -27 + k,a (Fg) -29, a (Yg) = -30. 

Proof : Y4 is obtained from Z4 by substituting lantern relation 3 times; therefore 

a (Yi) = a [Zi] + 3(+l) = -6-4-6 + 3 = -27. 

Similarly Y4 is obtained from I4 by substituting k lantern relations,! < A: < 3 ; 
therefore 

(Ki.fe) = G (Kt) + fc(+l) = -27 + k. 
Yc, is obtained from by substituting lantern relation 3 times; therefore 

a (Fs) = cr (Z5) + 3(+l) = -6-5-2 + 3 = -29. 

A careful analysis shows that Yq is obtained from Zq by substituting lantern relation 
12 times ( 3 for each of the negative powers /2~^i /4~^: /s"^, ./i"^ ); therefore 

cr [Yq) = a (Ze) + 12(+1) = -6 - 6 - 6 + 12 = -30. 

□ 

We summarize what we found in the following table, which includes the Euler 

characteristic Xi signature cr, the holomorphic Euler characteristic Xh = ^ + 

and the self-intersection of the first Chern class = 3cr + 2x- The latter two are 
defined for manifolds having almost complex structure and symplectic Lefschetz 
fibrations are known to possess that. 





X 


cr 


Xh 








X2 


26 


-18 


2 


-2 


1 




X2,k 


26 -k 


-18 + A; 


2 


-2 + A: 


1 


fc = 1, . . . ,5 




20 


-12 


2 


4 


Z3 






28 


-20 


2 


-4 


1 






28- A- 


-20 + A; 


2 


-4 + A: 


1 


A: = 1,2,3 


X3.k,m 


28 - A; + 10m 


-20 + A; - 6to 


2 + m 


-4 + A: + 2m 


1 


m. A: = 1, 2, 3, m < A: 


Xa 


30 


-22 


2 


-6 


1 




X4,k 


30 -A: 


-22 + A; 


2 


-6 + A: 


1 


A: = 1,2,3 


Yi 


39 


-27 


3 


-3 


1 






39 -A: 


-27 + A; 


3 


-3 + A: 


1 


A: = 1,2,3 


Y5 


41 


-29 


3 


-5 


1 






46 


-30 


4 


2 
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